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Abstract

We show that all subvarieties of the variety of rectangular bands are closed in the variety
of n-nilpotent extension of bands. Ahanger, Nabi and Shah in [1] have proved that the
variety of regular bands is closed. In this paper, we improve this result and provide its
simple and shorter proof. Finally, we show that all subvarieties of the variety of normal
bands are closed in the variety of left [right] semiregular bands.
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1. Introduction and preliminaries

Fennemore, in [7], had described the lattice of all varieties of bands and had given its
diagram. After that, Petrich [12, Theorem II.5.1] had classified an identity on bands in
atmost three variables. Though the varieties of semilattices and left [right] zero semi-
groups are absolutely closed, but the varieties of rectangular bands and right [left] normal
bands are not absolutely closed (see Higgins [8, Chapter 4]). Therefore, it is worth to
find subvarieties of the variety of all semigroups that are closed in itself or closed in the
containing varieties of semigroups. As a first step in this direction, one attempts to find
those varieties of semigroups that are closed in itself. Encouraged by the fact that Scheib-
lich [13] had shown that the variety of normal bands was closed, Alam and Khan in [3-5]
had shown that the varieties of left [right] regular bands, left [right] quasi-normal bands
and left [right] semi-normal bands were closed. In [2], Ahanger and Shah had proved a
stronger fact that the variety of left [right] regular bands was closed in the variety of all
bands.

Let U be a subsemigroup of a semigroup S. Then an element d € S is said to be
dominated by U if for every semigroup P and for all homomorphisms v,9 : S — P and
uy = ud for every u € U implies dy = d§. The set of all such elements of S is called the
dominion of U in S and will be denoted by Dom(U, S). It is well known that Dom(U, S)
is a subsemigroup of S containing U. If Dom(U, S) = U, then U is called closed in S, and
if Dom(U,S) = U in every containing semigroup S, then U is called absolutely closed.
Let V1 and Vs be any varieties of semigroups such that Vi C Vy. Then the variety V;
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is said to be closed in the variety Vy if whenever a semigroup U € Vi is a subsemigroup
of a member S of Vy, then U is closed in S. Obviously, if V; is closed in Vs, then all
subvarieties of V; are closed in containing subvarieties of Vo. A variety V will be called
absolutely closed if all its members are absolutely closed. Let S™, for each n > 1, denote
the set of all products of n elements of any semigroup S. If S™ belongs to a class C of

semigroups for some n > 1, then we say that S is an n-nilpotent extension of a semigroup
in C.
The following definitions and results are necessary for our investigations.

Result 1.1. ([10, Theorem 2.3]). Let U be a subsemigroup of a semigroup S and let
d € S. Then d € Dom(U,S) if and only if d € U or there exists a series of factorizations
of d as follows:

d = apt1 = y1a1t1 = y1aste = yoasts = - -+ = Ym@am—1tm = YmGam (1.1)
where m > 1, a; €U (i=0,1,...,2m), y;,t; €S (i1 =1,2,...,m), and
ap = yiaz, a2m—1tm = a2m,
azi—1t; = agitiv, YiG2i = Yi+102i+1 (I1<i<m-—1).

Such a series of factorizations is called a zigzag in S over U with value d, length m and
spine ag, a1, ..., a2m.

Result 1.2. ([11, Result 3]). Let U and S be semigroups with U as a subsemigroup of
S. Assume d € S\U is such that d € Dom(U, S). If (1.1) is a zigzag of shortest possible
length m over U with value d, then t;,y; € S\U for all j =1,2,...,m.

Result 1.3. ([2, Lemma 2.1]). Let U and S be any two bands with U as a subband of S.
If any d € Dom(U, S)\U has zigzag equations of type (1.1) in S over U of length m, then

apaz = apa2y2a3apaz.

Definition 1.4. A semigroup S is said to be a band (B) if S satisfies the identity a® = a
forall a € S.

Definition 1.5. A semigroup S is said to be an n-nilpotent extension of band (B™) if S™
is a band for some n € N.

Definition 1.6. A band S is said to be a rectangular band (RB) if S satisfies the identity
a = axa for all a,x € S.

Definition 1.7. A band S is said to be a normal band (N) if S satisfies the identity
axya = ayzxa for all a,z,y € S.

Definition 1.8. A band S is said to be a regular band (R) if S satisfies the identity
axya = axaya for all a,z,y € S.

Definition 1.9. A band S is said to be a left semiregular band (£L8R) if S satisfies the
identity axy = axyayxy for all a,z,y € S.

From the definitions 1.4 — 1.9, the following connection between them is clear.

Remark 1.10. RBCNCRC LSR C B C B".

The semigroup-theoretic notations and conventions of Clifford and Preston [6] and
Howie [9] will be used throughout without explicit mention.
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2. Closedness of rectangular bands

In [1], Ahanger, Nabi and Shah had proved that all subvarieties of the variety of rect-
angular bands are closed in the variety of bands. In this section, we extended this result
and show that all subvarieties of the variety of rectangular bands are closed in the vari-
ety of n-nilpotent extension of bands by using Isbell’s zigzag equations that characterize
dominions.

Lemma 2.1. Let S be an n-nilpotent extension of a band and U be a rectangular band
such that U C S and let d € Dom(U, S)\U. If d has a zigzag of type (1.1) in S over U of
length m, then, for all a,b € Uand k=1,2,...,m,

ab = ayyb.

Proof. As S is an n-nilpotent extension of a band, S™ is a band for some n € N.
We prove this lemma by applying induction on k. First note that

ay =ayay forallae U andy € S. (%)
First we will show that the result is true for £ = 1, we have

ab = a(ap)b (as U is a rectangular band)
= (ay1)a1b (by zigzag equations)
= (a)yrayra1b (by (*))
= a((ba)yy)ayia1b (as U is a rectangular band)
= abay1b(ayray1)arb (by (*))
= abayiba(yia1)b (by (*))
= (aba)y1(b(aap)b) (by zigzag equations)
= ay1b (as U is a rectangular band).

Thus the result holds for ¥ = 1. Assume inductively that the result is true for k& = j.
Finally we will show that the result also holds for £k = 7 + 1. Now

ab = (a)y;b (by the inductive hypothesis)
= a((azja)y;)b (as U is a rectangular band)
= aagja(yjaz;)ay;b (by (¥))
= (aagja)yjt+1a2;4+1ay;b (by zigzag equations)
= (a)yjt+1a2j+1ay;b (as U is a rectangular band) ()
= a((ba)yjt+1)azj+1ay;b (as U is a rectangular band)
= abay;+1b(ayj1azi+1ay;b) (by (*))
— (aba)y;1 (bab) (by (**))
= ay;j+1b (as U is a rectangular band).

Therefore the result holds for £ = j + 1 and, hence, by induction, the proof of the lemma
is complete. [l

Theorem 2.2. Rectangular bands are closed in n-nilpotent extension of bands.

Proof. Let U be any rectangular band and S be any n-nilpotent extension of band con-
taining U. We show that Dom(U, S) = U. To show this, take any d € Dom(U, S)\U such
that d has a zigzag of type (1.1) in S over U with value d of shortest possible length m.
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Now

d = (ap)t1 (by zigzag equations)
= ap(apty) (as U is a band)

= (apymaam) (by zigzag equations)
= apazm, (by Lemma 2.1)
eU.

Therefore Dom(U, S) = U, and, hence, the theorem is proved. O

The following corollaries are immediate consequences of Theorem 2.2

Corollary 2.3. The variety of all rectangular bands is closed in the variety of all n-
nilpotent extension of bands.

Corollary 2.4. The variety of all rectangular bands is closed in the variety of all bands.

The following problem still remains open.
Problem 2.5. Is the variety of normal bands closed in the variety of all n-nilpotent
extension of bands 7

3. Closedness of regular bands

In [1], Ahanger, Nabi and Shah had proved that the variety of regular bands is closed.
In this section, we gave a new, simple and shorter proof of closedness of the variety of
regular bands by using Isbell’s zigzag equations that characterize dominions.

Lemma 3.1. Let U and S be regular bands with U as a subband. If d € Dom(U, S)\U
has a zigzag of type (1.1) in S over U of length m, then

apaz - - - ag; = (a3 - - - A2y 1024410002 -~ az; (1 =1,2,3,...,m —1).
Proof. We prove it by induction on 4. For =1, we have
apay = apazyasapaz (by Result 1.3).

Thus the result is true for i=1. Assume, next, inductively that the result is true for i=k
(1 <k <m—1). Then, we have

agag -+ - gk = apag - * * A2k Yk+102k+100A2 * * * A2k (3.1)
We now show that the result also holds for i=k+1. To show this, let
S; = apgagay -+ - agi—saz; (1 € {k — 1,k k+1}). (3.2)
Then, equation (3.1) becomes
Sk = SkYk-+102k+15k- (3.3)
With this notation, we need to show that

Sk+1 = Sk+1Yk4+202k+3Sk+1-
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Now

Sk+1 = Skagk+2 (by equation (3.2))
= Sgagk+2(Sk)askr2 (as U is a band)
= sk (aok 125k Yk+1)a2k4 15802k 2 (Dy equation (3.3))
= 51(A2k1 25k Yk+102k+2) SKYk+102k +15KA2k+2 (as S is a band)
= 5k02k+25k02k+2(Yk+102k+2) SkYk+102k+15k02k+2 (as S is a regular band)
= (SkA2k+25k2k+2)Yk-+202k+35kYk+102k+15k 02k 12 (Dy zigzag equations)
= (SkA2k+2)Yk+202k+35KYk+ 102k 415802k +2 (as U is a band)
= Skt 1Yk+202k+3(SkYkt+ 1026115k )a2k42 (by equation (3.2))
= Skt 1Yk+202k+3(Skazk42) (by equation (3.3))
= Sk+1Yk+202k+35k+1 (by equation (3.2)).

This shows that the result holds for ¢ = k4 1. Hence, by induction, the lemma follows. [J
Theorem 3.2. The variety of regular bands is closed.

Proof. Let U and S be regular bands with U as a subband of S. Then we have to show
that Dom(U, S) = U. Take any d € Dom(U, S)\U. Suppose that d has a zigzag of type
(1.1) in S over U with value d of shortest possible length m. Now

d=d" (as S is a band)

m
= H(yiagiflti) (by zigzag equations)
i=1
m
= y1(an)ts [ [ (viazi-1t:)
i=2

m
= y1a1a1t1y2asts H(yiagi_lti) (as U is a band)
=3

m
= (apaz)taysasts H(yiagi_lti) (by zigzag equations)

i=3
m
= aoagyg(a3(a0a2)(tgyg)ag)tQ H(yiagi_lti) (by Lemma 3.1)
i=3
m
= (apagyzasapasz)astoyzasts H(yiagi,lti) (as S is a regular band)
i=3

m
= a0a2a3t2 H(yiagi,lti) (by Lemma 31)
=2

= apa2ay - - - a2m—4(02m—3tm—1)Yma2m—1tm

= (apaz0a4 - -+ A2m—402m—2)tmYmaom—1tm (by zigzag equations)

= apa20ay4 - - - A2m—402m—2Ym (G2m—1(a00204 - - - G2m—402m—2) (tmYm ) G2m—1)tm
(by Lemma 3.1)
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apaza4 - - - a2mf4a2mf2ym(a2mfl(a0a2a4 te a2m74a2m72)a2m71(tmym)anfl)tm

(as S is a regular band)

(a0a2 CA2m—2YmA2m—1040a2 * * - a2m72)a2mfltmyma2mfltm
apasy - + - a2m—202m—1tmYma2m—1tm (by Lemma 3.1)
aoas - - - a2m—2(a2m—1tm)Yma2m—1tm
apasy - + - a2m—202mYmaam—1tm (by zigzag equations)
apas - - - 2m—202mYm(@2m—1tm)
apag - - - agm,gagm(ymagm,ltm)agm,ltm (as Sisa band)
apas - - - 2m—202mYm—1(a2m—3tm—1)a2m—1tm (by zigzag equations)
apas - - - 2m—202m (Ym—102m—3tm—1)a2m—3tm—1a2m—1lm

(as S is a band)
a0a2 * * * A2m—202mYm—202m—5tm—202m—3tm—102m—1tm

(by zigzag equations)

aoaz - - - Gam—20a2my1(ar)tiasts - - - azm—1tm
agasg - + - a2m—202my1aiaitiaste - - - agm—1tm, (as U is a band)
(apag)ay - - - agm—2a2mapastaasts - - - aom—1ty, (by zigzag equations)
agagyz(as(apagay - - - A2m—2a2ma0az)taas)ts - - - agm—1t, (by Lemma 3.1)
apazyz(az(apazay - - - Azm—202maoaz)astaaz)ts - - - azm—1tm
(as S is a regular band)
(apazy2a3a0az)ay - - - A2m—2a2mapazaztaasts - - - agm—1tm
apagay - - - A2m—202ma0a2asgtaasts - - - agm—1ty, (by Lemma 3.1)
apas - - - Aam—2a2mapaz(aste)asts - - - aam—1tm (as S is a band)

agas - + - A2m—202ma0a204tsasts - - - agm—1ty, (by zigzag equations)

apag - - - A2m—202m (A0A204 - + - A2m—2)tma2m—1tm
a2 - -+ A2m—202m (A0A204 - * - A2m—2Ym G2m—1000204 - * - A2m—2)tmA2m—1tm

(by Lemma 3.1)

apag - - - A2m—202m00a2 * - * 42m—2Ym (a2m—1(a0a2 - - - G2m—2)tma2m—1)tm

apag - - - A2m—202m00a2 - - - 42m—2Ym (a2m—1(a0a2 - - - A2m—2)a2m—1tma2m—1)tm

(as S is a regular band)

apag -+ - A2m—202m (@02 - - * A2m—2Yma2m—1A002 - * * A2m—2)A2m—1tma2m—1tm

aaz - -+ A2m—202ma0a2 - * * 42m—202m—1tma2m—1tm (by Lemma 3.1)
apag -+ A2m—2a2mapd -« - * agm,g(agm,ltm) (as Sisa band)

apasg - + - A2m—202ma0a2 - + Aam—2a2m (by zigzag equations)

= apag -+ - - a42m—202m (as Uisa band)

el.

Therefore Dom(U, S) = U, and, hence, the theorem is proved.

387
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The following problem still remains open.
Problem 3.3. Is the variety of left [right] semiregular bands closed?

4. Closedness of normal bands

In [13], Scheiblich had shown that the variety of normal bands was closed. In this
section, we extend this result and show that all subvarieties of the variety of normal bands
are closed in the variety of left semiregular bands by using Isbell’s zigzag equations that
characterize dominions.

Lemma 4.1. Let U and S be any two bands with U as a subband of S. Assume that
d € Dom(U,S)\U. If (1.1) is a zigzag in S over U with value d of length m, then,
forall k=2,3,...,m,

k—1

d = (][ viazi—1a2i)yrask—1ts.
=1

Proof. We prove this lemma by applying induction on k. First we will show that the
result is true for k£ = 2, we have

d = yi1(a1)t1 (by zigzag equations)
= y1a1(aity) (as U is a band)
= (y1a1a2)te (by zigzag equations)
= yrar1azy1a1(agte) (as S is a band)
= y1a1a9y1(ara1)ty (by zigzag equations)
= yr1a1a9y1a1ty (as U is a band)

= y1a1a9yzasty (by zigzag equations).

Thus the result holds for £k = 2. Assume inductively that the result is true for &k = j.
Finally we will show that the result also holds for k = j 4+ 1. Now

j—1
d= (H Yia2i—1a2;)yj(azj—1)t; (by inductive hypothesis)
i=1
j—1
= (H Yia2i—102;)yjazj—1(azj—1t;) (as U is a band)
i=1
j—1
= (H Yia2i—1a2i)(yjazj—1a2;)t;+1 (by zigzag equations)
i=1
j—1
= (H YiG2i—102;)Yja2j—102;yja2j—1(az;tiy1) (as S is a band)
i=1
J
= (][ viazi—1a2:)y;(azj—1a25-1)t; (by zigzag equations)

=1



Dominions and closed varieties..... 389

J
= (H Yiazi—1a2;)yjazj—1t; (as U is a band)
i=1
J
= (H yia2i—1a2i)yj+1a2j+1tj+1 (by zigzag equations).
i=1

This shows that the result holds for k£ = j+1. Hence, by induction, the lemma follows. [

Lemma 4.2. Let U be any normal band and S be any left semiregular band containing
U. Assume that d € Dom(U,S)\U. If (1.1) is a zigzag in S over U with value d of length
m, then

Y1a1a2Y203a4 * * - Ym—102m—302m—2Ym@2m—102m = Y141042 * -+ A2m—202m.-

Proof.

Yy1a1a2Y2a3a4 * * * Ym—102m—3A2m—2Yma2m—102m

= Y10102 * * - Ym—102m—302m—2Ym—1(02m—202m—1tm) (by zigzag equations)

= Y10102 * * * Ym—102m—302m—2Ym—102m—2(02m—1tm) (@2m—2tm) (@2m—1tm)
(as S is a left semiregular band)

= Y14102 * - * Ym—102m—302m—2Ym—1(02m—2)@2m (@2m—3)tm—1a2m (by zigzag equations)

= Y1a1a2 - - ymfla2m73a2m72ymfl(a2m72(a2m72a2m)a2m73a2m73)tm71a2m
(as U is a band)

= Y1a1a2 - - ym72a2mf5a2mf4(ym71a2m73a2m72ym71a2m72a2m73a2m72)a2ma2m73tmf1
asm(as U is a normal band)

= Y1a1a2 - - ym72a2mf5a2mf4ymf1a2m73a2m72(a2m)(a2m73tm71)(a2m)
(as S is a left semiregular band)

= Y1a102 - - Ym—102m—3(02m—202m—1tma2m—2tma2m—1tm) (by zigzag equations)

= 410102 - * - (Ym—102m—3)02m—202m—1tm (as S is a left semiregular band)

= 410102 - * - Ym—2((@2m—102m—2)a2m—1tm) (by zigzag equations)

= Y10102 - - * Ym—202m—402m—2(02m—1tm ) a2m—4(a2m—2tm ) (@2m—1tm)
(as S is a left semiregular band)

= Y10102 - - * Ym—202m—402m—2((@2ma2m—1)a2m—3(tm—102m)) (by zigzag equations)

= Y1012 - - - Ym—2(@2m—4(A2m—202m ) 02m—402m—3 ) tm—102m a2m G2m—4tm—102mG2m—3
tm—1a2m(as S is a left semiregular band)

= Y10102 * * * Ym—202m—402m—402m—202m02m—3tm—1(A2m a2m ) (A2m—atm—1)A2mG2m—3
tm—1a2m(as U is a normal band)

= Y10102 * - * Ym—202m—402m—402m—2(02m) (@2m—3tm—1)(A2m ) G2m—5tm—202ma2m—3
tm—1a2m(as U is a band and by zigzag equations)

= Y10102 * - * Ym—202m—402m—4(02m—202m—1tma2m—2tma2m—1tm) @2m—5tm—202m a2m—3

tm—1a2m (by zigzag equations)



390 S. Abbas, W. Ashraf, N.M Khan.

= Y1012 * * * Ym—202m—402m—402m—202m—1tm (@2m—5 ) tm—202m a2m —3tm—102m
(as S is a left semiregular band)
= Y1012 * * * Ym—202m—402m—402m—2(A2m—1tm) @2m—5(a2m—5tm—2)a2ma2m—3
tm—1a2m (as U is as band)
= Y1012 - - - Ym—2(02m—4(A2m—402m—202m ) A2m—502m—1)tm—102mA2m—3tm—102m
(by zigzag equations)
=Yyiaiag - - - (ym72a2mf5a2mf4ym72a2mf4a2m75a2mf4)a2m72a2ma2mf4tmfla2m
a2m—3tm—1a2m (as U is a normal band)
= Y1012 * - * Ym—202m—502m—402m—2(A2m ) A2m—atm—102m 02m—3tm—102m
(as S is a left semiregular band)
= Y10102 * * * Ym—202m—502m—402m—2(A2m ) A2m 02m—atm—102mG2m—3tm—102m
(as U is as band)
= Y1012 - - * Ym—202m—5((A2m—402m—2)a2m—1(tma2m)) G2m—atm—102ma2m—3tm—1
aom (by zigzag equations)
= Y1012 * - * Ym—202m—502m—402m—2(A2m—1tma2m ) A2m—4(a2m—2tm ) (@2ma2m—1tm
a2m) A2m—4tm—102m02m—3tm—1a2m, (as S is a left semiregular band)
= Y1012 - * * Ym—202m—502m—402m—202m (A2m—1402m—3(tm—102m ) A2m—atm—102m
a2m—3tm—1a2m) (by zigzag equations and as U is a band)
= Y101G2 - * * Ym—202m—502m—402m—202m 02m—4(A2m—3tm—1)(G2m)
(as S is a left semiregular band)
= Y10102 - * - Ym—202m—5(02m—4(A2m—202m ) 02m—402m—2)tmG2m—1tm
(by zigzag equations)
= Y101G2 - * - Ym—202m—5(02m—402m—1)a2m—2(02m ) A2m—2tmG2m—1tm
(as U is a normal band)
=Yyiaiag - - ym—2a2m—5a2m—4(a2m—2a2m—ltma2m—2tma2m—ltm)
(as U is a band and by zigzag equations)
= 910102 * * * Ym—202m—502m—402m—2(@2m—1tm) (as S is a left semiregular band)

= 910102 * * * Ym—202m—502m—402m—202m (Dy zigzag equations)

= Y101020a4 -+ - G2m—202m-
Thus the proof of the lemma is completed. O
Theorem 4.3. Normal bands are closed in left semiregular bands.

Proof. Let U be any normal band and S be any left semiregular band containing U. We
show that Dom(U,S) = U. To show this, take any d € Dom(U, S)\U such that d has a
zigzag of type (1.1) in S over U with value d of shortest possible length m. Now

m—1
d= ( H inQi_lagi)ymagm_ltm (by Lemma 4.1 for k& = m)
=1



Dominions and closed varieties..... 391

m—1

= ( H Yi2i—102;)Yma2m—1a2m (as U is a band and by zigzag equations)
i=1

= Y10102 * * - Ym—102m—302m—-2YmaA2m—102m

= (y1a1)ag - - - azy, (by Lemma 4.2)

= apay - - - agy, (by zigzag equations)

eU.

Therefore Dom(U, S) = U, and, hence, the theorem is proved.

Finally we propose the following related open problem.
Problem 4.4. Is the variety of normal bands closed in the variety of bands 7
Acknowledgment. We sincerely thank the learned referees for their useful and con-
structive, but critical suggestions which definitely improved the presentation of the paper.
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