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Abstract

Geometric approaches are important for the study of some real-life problems. In metric
fixed point theory, a recent problem called “fized-figure problem” is the investigation of
the existence of self-mapping which remain invariant at each points of a certain geometric
figure (e.g. a circle, an ellipse and a Cassini curve) in the space. This problem is well
studied in the domain of the extension of this line of research in the context of fixed circle,
fixed disc, fixed ellipse, fixed Cassini curve and so on. In this paper, we introduce the
concept of a Suzuki type Z.-contraction. We deal with the fixed-figure problem by means
of the notions of a Z.-contraction and a Suzuki type Z.-contraction. We derive new fixed-
figure results for the fixed ellipse and fixed Cassini curve cases by means of these notions.
Also fixed disc and fixed circle results given for Suzuki type Z.-contraction. There are
couple of illustration related to the obtained theoretical results.
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1. Introduction

Topological and geometrical properties of the fixed point set have been widely studied
for number of manner in the non-linear analysis. In recent times geometrical aspects of
the fixed point set of an operator have been considered with different form of the fixed-
figure as, fixed circle, fixed disc, fixed ellipse. In [12,13,15], Ozgiir and Tas examined the
fixed circle and fixed disc problem in metric space. From that these topics are generated
much interest recently in fixed figure problem (see, for example, [5], [15] and the references
therein).
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Recently, the notions of a Z.-contraction and of a Suzuki type Z-contraction have been
defined by means of the set of simulation functions defined in [10] (see [12] and [11] for more
details). In present article, we consider the fixed-figure problem by means of the notions
of Z.-contraction and Suzuki type Z.-contraction. We derive new fixed-figure results for
the fixed ellipse and fixed Cassini curve cases. Let T': X — X be a map, where X is a
metric space with the metric d. The set of fixed points of T" is denoted by Fiz(T) and can
be defined as follows:

Fiz(T)={uve X : Tu=u}.
A geometric figure (e.g. a circle, an Apollonius circle, an ellipse, a Cassini curve) contained
within Fixz(T) is known as a fixed figure of T. For example, if Tu = u for any u €
E, (ui,u2) ={u € X : d(u,u1) + d(u,uz) = r} then the ellipse is a fixed ellipse of 7. The
interested reader can refer to [15] and the references therein. For our purpose, we use
some properties of simulation functions defined in [10].

Now, onwards in this paper consider Rj = [0,00). The function ¢ : R x R — R is
said to be a simulation function, if it possesses the stipulations given below :

(¢1) €(0,0) =0,

(C2) C(t,s) < s—tforalls,t>0,

(¢3) If {tn}, {sn} are sequences in (0, 00) such that

lim ¢, = lim s, > 0,
n—oo n—o0

then
lim sup((ty, $,) < 0.

n—oo
Collection of simulation functions is noted by Z [10]. In [11], the notion of a Suzuki type
Z-contraction was defined as follows:

Definition 1.1 ([11]). Let the self-mapping 7" on the set X, where X is a metric space
with the metric d and ( € Z. Then T is called a Suzuki type Z-contraction with respect
to ¢ if the condition given below is satisfied for all u,v € X with v # v :

1
id(u,Tu) <d(u,v) = ¢ (d(Tu,Tv),d(u,v)) > 0. (1.1)
From Definition 1.1, we have
1
§d (u,Tu) < d(u,v) = d(Tu,Tv) < d(u,v),

for all distinct u,v € X for a Suzuki type Z-contraction T'. Hence, every Suzuki type
Z-contraction mapping is a Suzuki type contraction (see [11] for more details). In [11],
Kumam et al. used the notion of a Suzuki type Z-contraction mapping to generalize the
Banach contraction. It was proved that the fixed point of a Suzuki type Z-contraction is
unique, provided it exists.

Present article is divided into following sections. In Section 2, we examine the geometric
properties of the fixed point set of a Z.-contraction mapping. In Section 3, we define the
notion of a Suzuki type Z.-contraction mapping and then discuss about the fixed figure
problem in particular fixed disc, fixed ellipse and fixed Cassini curve. In Section 4, as
an application, we propose a new type of activation function for complex valued neural
networks. We construct a one-parameter generalization of the well-known zReLU function.

Author noted the concept of a simulation function has many impressive applications
(see [9,10] and the references therein). Also, the fixed ellipse and the fixed Cassini curve
cases have special interests for some possible applications. For example, the differential
geometry of a normal red blood cell was investigated using the Cassinian oval for modelling
its profile [1]. In [17], by using of a special activation function whose fixed point set is an
ellipse, an application to a complex-valued Hopfield neural network (CVHNN) was given.
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Fixed point results are also important for theoretical studies (see, for instance, [7], [19],
[22]).

2. Fixed-figure problem for Z.-contractions

In this section, we examine the fixed-figure problem for Z.-contractive mappings. First,
we recall the definition and basic properties of a Z.-contractive mapping. For more details,
one can see [12].

Definition 2.1 ([12]). Let ¢ € Z be any simulation function. 7T is said to be a Z-
contraction with respect to ( if there exists an ug € X such that the following condition
holds for all uw € X :

d(Tu,u) > 0= ¢ (d(Tu,u),d(Tu,up)) > 0. (2.1)
If T is a Z.-contraction with respect to (, then
d(Tu,u) < d(Tu,up), (2.2)

for each u € X with Tu # uyg.
Throughout the paper, to establish a fixed figure result, we use the number p € RTU{0}
defined by
p = inf{d(u,Tu) | Tu # u,u € X}. (2.3)
Let T be a Z.-contraction with respect to ( with up € X. From [12], we know that

the fixed point set Fixz(T) of a Z.-contraction contains the disc D, , if the condition
0 < d(T'w,ug) < p holds for all u € Dy, — {uo}.

Theorem 2.2 ([12]). Let T be a Z.-contraction map with the simulation function ¢ and
ug € X. If the condition

0 < d(Tu,ug) <p (2.4)
holds for each uw € Dy, , — {uo} then Dy, , is a fized disc of T, that is, Dy, , C Fix(T).

The proof of the following corollary can be easily deduced similar to the proof of The-
orem 2.2.

Corollary 2.3. Let T be a Z.-contraction map with the simulation function ¢ and ug € X.
If the condition

0 <d(Tu,up) <p (0<p<p)
holds for each u € Dy, — {uo} then Dy, is a fixed disc of T, that is, Dy, C Fixz(T).

2.1. Z.-contractions and the fixed-ellipse problem

First, we consider the fixed-ellipse problem. Let us consider an ellipse E (u1, u2) defined
by
E, (ui,u9) ={u € X : d(u,u1) + d(u,uz) = r}
and the set
E, (ur,ug) = {ue X :d(u,uy) + d(u,ug) <r}.
The points u; and ug are called the foci of the ellipse E, (uj,uz). Now, we will see the
result for fixed ellipse in sense of a Z.-contraction.

Proposition 2.4. Let (X,d) be a metric space. Consider a set E, (ug,u1) with any
distinct ug,u; € X. If p = d (ui,up) < r then we have
E, (ug,u1) C Dyyr and E; (ug,u1) C Dy, r.

That is, we have

E, (UO, ul) C Duo,r N Dul,r‘
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Proof. Let n = d(u1,up) < r. For any point v € Dy, »—,, using the triangle inequality,
we obtain
d(u,up) < d(u,ur) +d(ur,ug) < (r—p)+up=r.
This shows that u € Dy, and so Dy, U Dy, r—y C Dy, . For any u € E, (ug,uy), if
U ¢ Dy U Dy, r—p then we get
d (u,ug) +d(u,ur) >,

which is a contradiction. Therefore, we find u € Dy, U Dy, r—py and so u € Dy .
Consequently, we deduce that

Er (uo,ul) C Duo,r~
On the other hand, since u; € D, , then we have also ug € D,, ,. Again similarly, we
obtain

Er (uo,ul) C Dul,r-

Combining these last inclusions, we get

E, (u07 ul) - Duo,r N Dul,r-
]

Corollary 2.5. Let (X,d) be a metric space. Consider a set E,. (ug,u1) with any distinct
up,u1 € X. Ifug € Dy~ (0 <y <) then we have

FE, (UO, u1) C l)u();y U Duhr—'y - Duo,r'

Proof. Let u € Dy, ,— be any point. Since u; € Dy, (0 <y < r), using the triangle
inequality, we find

d(u,u0) < d(u,ur) +d(ur,ug) < (r—7)+v=r.
This shows that u € Dy, and so Dy, U Dy, r—y C Dy, . Then the rest of the proof
follows similarly. O

Let us consider the number p defined in (2.3).

Theorem 2.6. Let (X,d) be a metric space, T : X — X be a Z.-contraction with respect
to ¢ with ug € X. For a point u1 € X, if the condition

0 < d(Tu,up) + d(Tu,ur) <p (2.5)
holds for all u € E, (ug,u1) — {uo}, then Fiz(T) contains the ellipse E, (ug,u1), that is,
E, (ug,u1) is a fized ellipse of T. Furthermore, we have E, (ug,u1) C Fiz(T).

Proof. If ug = wq, then the ellipse E, (up,u1) becomes the circle Cuo% and the set

E, (up,u1) becomes the disc D, 2. By the assumption (2.5), we have
0 < d(Tu,ug) < g

for all u € Dy, o — {up}. Then by Corollary 2.3, we have Dy e C Fix(T).

Let up # w1 and u € E, (ug,u1) be arbitrary but fixed. Assume that Tu # u. Using
the condition (¢2) and (2.5) together with the definition of the number p, we obtain

C(d(Tu,u),d(Tu,ug)) < d(Tu,up) —d(Tu,u)

< d(Tu,up) + d(Tu,ur) — d(Tu,u)
< p—d(Tu,u)
< p—p=0

and so
¢ (d(Tu,u),d(Tu,up)) <0,
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which conflicts the hypothesis (2.1). Hence we have T'u = u. Since u € E, (ug,u1) is an
arbitrary point then we deduce that E, (ug,u1) is a fixed ellipse of T'. Similar arguments
are valid for all u € E, (ug, u1) and we deduce that E, (ug,u1) C Fiz(T). O

The following corollary explains the relationship between Theorem 2.2 and Theorem
2.6.

Corollary 2.7. Under the hypothesis of Theorem 2.6, if uy € Dy, , then we have E , (ug, u1)
C Dyyp N Fiz(T) and E, (ug,u1) C Dy, , N Fiz(T). That is, we have

E, (ug,u1) C Dyy,p N Dy, p N Fiz(T).

Proof. Considering the hypothesis uy € D, ,, the proof follows by Proposition 2.4 and
Corollary 2.3. O

Clearly, under the hypothesis of Theorem 2.6, we have

Es (ug,u1) C Fix(T)
for all ellipses Es (ug,u1), where 0 < 6 < p. But, we can achieve this result with less
assumption.
Corollary 2.8. Let (X,d) be a metric space, T : X — X be a Z.-contraction with respect
to ¢ with ug € X. For a point u; € X, if the condition

0 < d(Tu,ug) +d(Tu,ur) < p (0<pu<p)

holds for all u € E,, (ug,u1) — {uo}, then we have

E, (ug,u1) C Fiz(T).
Remark 2.9. 1) Now we consider the case p = 0. Then we get ug = u; and E, (ug,u1) =
Chuo,p = {uo}. Since T is a Z.-contraction map with ug € X, ug € Fiz(T).
2) We note that ug,u1 € E, (ug,u1) if and only if d (ug,u1) < p. Indeed, we have
u; € Ep (up,u1) < d(ur,up) +d(ur,u1) < p<dup,ug) < p,
and o
uo € Ep (uo,u1) < d(ug,uo) + d (ug, u1) < p & d(ug,ur) < p.
3) If we replace the condition (2.1) by the one of the following conditions then, under
the hypothesis of Theorem 2.6, we have E, (ug,u1) C Fix(T) :

d(Tu,u) < Xd(Tu,up)] (2.6)
for each u € X, where A € [0,1).
d(Tu,u) < d(Tu,up) — ¢ (d(Tu,up)) (2.7)
for each u € X, where ¢ : R — R is lower semicontinuous function and ¢~* (0) = 0.
d(Tu,u) < ¢ (d(Tu,up)) (d(Tu,up)) (2.8)

for each u € X, where ¢ : Rf — [0,1) is a mapping such that lin%r sup ¢ (t) < 1, for all
t—r

r> 0.
d(Tu,u) < nld(Tu,up)] (2.9)

for each u € X, where n € Rg — R(J)r is an upper semicontinuous mapping such that

n(t) <t forallt > 0.
d(Tu,u)

/ $(t)dt < d(Tu, uo) (2.10)
0

&€ 3
for each u € X, where ¢ : Rj — Ry is a function such that [ ¢(t)dt exists and [ ¢(¢)dt > ¢,
0 0

for each € > 0.
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The proof follows by using the simulation functions ¢; : Rf xRy — R (1 < i < 5) defined
by

Ci(t,s) = As — t,
Ca(t,s) = s —¢(s) — 1,
Ga(t;s) = sp (s) =1,
Ca(t,s) =ms —t

and
t
Glt.5) = s = [ dlupdu
0

for each s,t € [0, 00), respectively, in [10].
Now, we give few examples in support of Theorem 2.6.

Example 2.10. Let X = C be endowed with the usual metric d defined by d(z,w) =
|z — w| for every complex numbers z, w. Consider the self-mapping T': X — X defined by

oz 2| <4
Tz—{ 30 el 4 (2.11)

for all z = x + iy € C. Then T is a Z.contraction with zg = 0 and the function
¢:R{ x R§ — R defined as ((t,s) = 2s — t. Indeed, we have d (z,Tz) = % |2[ > 0 for all
z with |z] > 4 and

1 3 23 1
C(d(TZ,Z),d(TZ,Zo)) - C<4‘Z‘74’Z’):34‘Z|—4Z‘

= .
We find
p = inf{d(z,T2)| Tz +# z,z € C}

1
_ inf{4z\ |2 >4} ~1.

The condition 0 < d(T'%2,0) < 1 holds for all z € Dy; — {0}. Consequently, Dy =
{z € C:|z|] <1} is a fixed disc of T' by Theorem 2.2.

Now, we consider the ellipse E; (O, é + %z) Clearly, T possess the conditions of Theo-
rem 2.6 and we have E; (0, % + %z) C Fix(T) (see Figure 1 which is drawn using Mathe-
matica, Version 12.0, [21]).

The subsequent example shows that the converse statement of Theorem 2.6 does not
hold in general.

Example 2.11. Consider the metric space (C,d), where d is the usual metric, and the
self-mapping T : C — C defined by

< ;

Tz =
1 .
QZO )

for all z € C, where 0 < |29| and p > |z0|. The self-mapping 7" is not a Z.-contraction
with respect to any ¢ € Z with %zo € C. Indeed, by the condition ({2), for all z with

1
z— 3520 S W

: (2.12)
> p

1
2—520
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1‘5k! T T T T T !7
1.0+ .
0.5F . i
r O |x+iy| <4
[ x+iy| <1
0.0k ] |x+iy|+|x+iy—%—£ <1
O |x+iy|s%
05} Lo | x+iy-1-L| <1
o.5» 1 | y 3 3| >
-1.0F .
_1'5*\ P T R
-15 -1.0 -05 0.0 0.5 1.0 15

Figure 1. Dy i, the fixed disc obtained by Theorem 2.2 for the self-mapping T’
defined in (2.11), the fixed ellipse E; (0, 3 + i) and the discs Do 1 and D11y 1.

1
‘z — §z0‘ > 1 we have

1
C(d(Tz,z2),d(Tz,z29)) = C<‘2zo—z,22’0—zo>
= ¢(|z 32| 5 a0l ) < 5 laol = |- 5
= z 2Z0 ,2 20 5 20 z 220
1
< |zo0| — Z= 5% < 0.

However, T' fixes the disc D1 " and any ellipse contained in it.
2 b

Remark 2.12. Notice that the radius p of the fixed ellipse E, (ug,u1) is independent from
the foci ug and w; in Theorem 2.6. Under the hypothesis of Theorem 2.6, we note that
the number p defined in (2.3) can produce several fixed ellipses (may be infinitely many)
with various foci. For example, if we examine the self-mapping 7" as in (2.11), then the

ellipses F (O, %z) and Fp (O, % + %z) are also fixed ellipses of 7.

2.2. Z.contractions and the fixed-Cassini curve problem

In this subsection, we consider the fixed-Cassini curve problem. Let us consider a
Cassini curve C,(ug, u1) defined by

Cr(ug,ur) ={u € X : d(u,up)d (u,u) =r}
and the set

Cr(up,u1) ={u e X :d(u,up)d (u,u1) <r}.

Proposition 2.13. Let (X, d) be a metric space. Consider a set C,. (ug,u1) with ug,u; €
X. Then we have

C, (uo,ul) - Duo,\/F U Dul,\/F‘ (213)
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Proof. Let u € C, (up,u;) be any point. If u ¢ D, s YD, /s then we have
d (U, UO) d (U, ’LL1> >,

which is a contradiction. Therefore, we have w € D, ~UD, _r and hence, the inclusion
(2.13) holds. O

Now, by means of the number p defined in (2.3) we give a fixed Cassini curve result.
Observe that up,u1 € C), (ug, u1).

Theorem 2.14. Let (X,d) be a metric space, and T : X — X be a Z.-contraction with
respect to ¢ with ug € X. Suppose p > 1 and for any point uy € Dy, ,— /5, the condition

0 < d(Tu,up)d(Tu,ur) < p (2.14)

holds for each u € C, (ug,u1) —{uo}. Then Fiz(T) contains the Cassini curve C,, (ug, u1),
that is, C,(uo,u1) is a fized Cassini curve of T. Furthermore, we have C, (ug,u1) C
Fiz(T).
Proof. If ug = uy, then the Cassini curve C), (ug, u1) becomes the circle Cy, v and the
set C) (ug, u1) becomes the disc Dy, /5- Then by the hypothesis (2.14), we have
0 < d(Tu,ug) <+/p

for all u € Dy, /5 — {uo}. Clearly, \/p < p since p > 1. Then by Corollary 2.3 we have
Doy, /5 C Fiz(T).

Now, assume that ug # u;. The hypothesis (2.14) means that Tu € C, (ug,u1) for
all u € C, (ug,u1) since uy € Fiz(T). By Proposition 2.13, we have two cases, that is,
Tu € Duom/ﬁ or Tu € DUL\/ﬁ‘

Case 1. Let Tu € Dy, , and u € C) (up,u1) be arbitrary but fixed. If T'w # u, then
using the condition ({2) together with the definition of the number p, we obtain

C(d(Tu,u),d(Tu,up)) < d(Tu,up)— d(Tu,u)
Vp —d(Tu,u)
Vo—rp

0,

VAN VANV

and so
¢ (d(Tu,u),d(Tu,up)) <0,
which conflicts by the hypothesis (2.1) (since p > 1 we have /p — p < 0).
Case 2. Let Tu ¢ Dy, 5 and Tu € Dy, 5. For any arbitrary but fixed point u €
C)p (ug,u1), if Tu # u, then using the condition ((2) and triangle inequality together with
the definition of the number p, we obtain

¢ (d(Tu,u),d(Tu,up)) d(Tu,up) — d(Tu w)
d(Tu,ug) —
d(Tu,uy) + d(ul,uo) p

Vot (p=+p)—p=0

IN AN IN A

and so
¢ (d(Tu, w), d(Tw, ug)) < 0,
which conflicts by the hypothesis (2.1).

Hence we have Tu = u in both cases. Since u € C, (ug,u1) is an arbitrary point then
we conclude that C), (ug,u1) C Fiz(T). O
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Remark 2.15. Now we consider the case p = 0 separately. If p = 0, then we get ug = u
and C, (ug,u1) = Cyy,p = {uo}. Since T' is a Z.-contraction with uy € X, we know that
ug € Fiz(T).

O |x+iy| <5

ok | | x+iy| | x+iy-1+2i| £5
|X+ﬂ'y|S\/g

O | x+iy-1+2i| <V5

-6 -4 -2 0 2 4 6

Figure 2. Dy, the fixed disc obtained by Theorem 2.2 for the self-mapping
T defined in (2.15), the fixed Cassini curve C5 (0,1 —2¢) and the discs D, 3,

D172i7\/5’

Example 2.16. Let X = C be endowed with the usual metric d and consider the self-
mapping 7' : X — X defined by

_ [z 5 |2 <5
Tz—{zz NI (2.15)

for all z = z + 4y € C. Then T is a Z.-contraction with zg = 0 and the function
¢:R{ x Rf — R defined as ((t,s) = 2s — t. Indeed, we have d (z,Tz) = |z| > 0 for all z
with |z] > 5 and

C(d(T72),d(Tz20)) = ({12l 2020) = 5 2[¢] — |
1
= 3 |z| > 0.

We find

p = inf{d(z,Tz)| Tz +# 2,2 € C}
= inf{|z|:|z| > 5} =5.
The condition 0 < d(T'2,0) < 5 holds for all z € Dgs — {0}. Consequently, the disc
Dys ={z € C:|z| <5} is a fixed disc of T by Theorem 2.2.

Now, we consider the Cassini curve C5 (0,1 — 2i). It is clear that 7' satisfies the condi-
tions of Theorem 2.14 and we have C5 (0,1 — 2i) C Fiz(T) (see Figure 2).
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3. Suzuki type Z.-contractions and the fixed-figure problem
In this section, we introduce a Suzuki type Z.-contractive mapping.

Definition 3.1. Let (X, d) be a metric space, T : X — X be a self-mapping and ¢ € Z be
any simulation function. Then, T is said to be a Suzuki type Z.-contraction with respect
to the simulation function ( if there exists an ug € X such that the following condition
holds for each v € X with u # up :

1
id (u,up) < d(u, Tu) = ¢ (d(Tu,u),d(Tu,up)) > 0. (3.1)
If T is a Suzuki type Z.-contraction with respect to the simulation function ¢, then
1
§d (u,up) < d(u, Tu) = d(Tu,u) < d(T'u,up), (3.2)

for each u € X with u # . Indeed, if Tu = u then the inequality (3.2) is obvious. If
Tu # u then d(Tu,u) > 0 and by the definition of a Suzuki type Z.-contraction map and
the condition ((2), we get

0< C (d(TU,, U), d(Tu7 UO)) < d(TU, uO) - d(TU, ’LL),
and so Equation (3.2) is satisfied.

Remark 3.2. It is clear that every Z.-contraction map is also a Suzuki type Z.-contraction
map. But, a Suzuki type Z.-contraction map may not be a Z.-contraction map (see
Example 3.6). Hence, Theorem 3.3 is a generalization of Theorem 2.2.

Theorem 3.3. IfT is a Suzuki type Z.-contraction with respect to the simulation function
¢ with ug € X and the condition 0 < d(Tw,ug) < p holds for every u € Dy, , — {uo} then
T fizes the disc Dy .

Proof. 1f p = 0, then D, , = {uo}. If possible assume that Tug # ug then d(T'ug, up) > 0
and as %d(uo, ug) < d(Tug,up) then by Definition 3.1 and the condition ({3) of simulation
function
0< C(d(TUO, UO),CZ(TUO,UO)) < d(Tuo,uo) — d(TUo,UO) =0,
which contradicts our assumption. Hence it should be Tug = uyg.
Let p # 0 and u € D, , be such that Tu # u. By (2.3) we have 0 < p < d(T'w,u) and
SO
1 d(T
L, ug) < £ < 2w )
2 2 2
Now, by (3.1) and the condition ({2) we find
0< G(d(T@% u)v d(T’U,, uO))

< d(Tu,u).

< d(Tu,ug) — d(Tu,u)

< p—d(Tu,u)

< p—p=0.

This is a contradiction. So we get Tu = wu, for all u € D, ,. Hence, the Suzuki type
Z-contraction map T fixes the disc Dy, p- ]

Corollary 3.4. Let T be a Suzuki type Z.-contraction map. If T satisfies the condition
0 < d(Tu,ug) <r for each u € Cy,, forr < p, then T fizes the circle Cy ..

Example 3.5. Let X = R and d be the usual metric on the set X. Define the self-mapping
T:X = X as



Suzuki type Z.-contraction mappings 481

for every u € R, then the self-mapping 7" is a Suzuki type Z.-contraction with ug = 0 and
the simulation function ¢ : R§ x R§ — R defined as ((t,s) = 3s — t.
Indeed, for any u with Tu # u and implies 3d(u, ug) = %‘ < d(u,Tu) = |u|, we obtain

2
¢ (d(Tu,u), d(Tu,uo)) = C(Jul,2|u]) = 3.2]u| —[u|
1

Using (2.3) we get
p =inf{d(u,Tu) | Tu # u,u € X}
= inf{|u| | |u| > 2} = 2.
By Theorem 3.3, T fixes the disc Dgo. It is clear that 7" is also a Z.-contraction map with

the same simulation function and ug = 0.
Now, consider the map T}, : X — X as defined below

: —nu<u<
Tuu:{ u 5 oug—p<u<ug+p

3ug otherwise ’

for every u € R with ug > 0 and p > 4up. By the condition ((2) we can say that T}, is
not a Suzuki type Z.-contraction with up € X and for any ¢ € Z. Because for T),u # u,
d(u,up) < d(u, Tj;u) and by the condition ((2)
C(d(Tuu, U’)v d(TMu’ UO)) = C(d(3U0, u)? d(?)'LL(), uo))
= ((|3uo — ul, [2uol)
< 2up — |3ug —u| < 0.

Hence, T}, is not a Suzuki type Z.-contraction map, still it fixes the disc D, ,. Which
concluding that the converse of Theorem 3.3 may not be true.

Example 3.6. Let X = R and d be the usual metric on X. Define the self-mapping T
on X as

U ; u<1
Tu=<¢ u+1 ; 1<u<?2 ,
{ 5 0 u>2
for each v € R. Then T is a Suzuki type Z.-contraction with p = 1, ug = 0 and the
simulation function ¢ : R{ x R — R defined as ((t,s) = 2s — t. It is obvious that
d(Tu,0) = d(u,0) < 1, for all u € Dy ;. Now, for u € R with Tu # u, implies 3d(u,0) =
2 lul < d(Tu,u) = [u+1—u| =1, we have

((d(Tu,u),d(Tu,u0)) = ¢(1,]u+1])
= §|u+1|—1>0.

Hence by Theorem 3.3, T fixes the disc Dy .
On the other hand, for any u € [2,00) we have Tu # u. But (2.1) is not satisfied for
any simulation function (. Indeed, by the condition ({2) we have

cla(Tu, ). ) = ¢ (BL]%-0])
ul _lul
< 7Y

and this implies that (2.1) is not satisfied for all u € [2, 00). Hence T is not a Z.-contraction
map.
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Figure 3. The set E3((0,0,0), (3, 3, 2)) contained in Fiz(T) for the self-mapping
T defined in (3.3).

Theorem 3.7. Let (X, d) be a metric space, T : X — X be a Suzuki type Z.-contraction
with respect to ¢ with ug € X. For a point uy € D

o, if the condition

0 < d(Tu,up) + d(Tu,u1) < p

holds for all u € E,(ug,u1) — {uo}, then Fix(T) contains the ellipse E,(ug,u1) and the
set E,(ug, uq).

Proof. If ug = uq, then ellipse E,(ug, u1) becomes the circle Cup,2 and the set E,(ug,u1)
becomes the disc D, ¢. By hypothesis we have 0 < d(Tu,up) < §, forallu € D8 —{uo}-
Then by Corollary 3.4, we have D, ¢ C Fix(T).

Now, let uy # wuy and v € E,(ug,u1) be any but fixed. Assume that Tu # u. As
u € Ey(ug,w1) ie. d(u,up)+ d(u,u1) < p implies d(u,uo) < p = 3d(u,ug) < d(u, Tu) (by
(2.3)). Now using the inequality 0 < p < d(u,Tu) and condition ((2) we find

0 < {(d(Tu,u), (Tu,up)) < d(Tu,up) —d(Tu,u)

< d(Tu,up) + d(Tu,ur) — d(Tu,u)
< p—pP= 07
which contradicts our assumption. So Tu = wu, for all u € E,(ug, u1).

By similar arguments, we have also E,(ug,u1) C Fiz(T).

Example 3.8. Let X = R? and d be the metric defined by
d(u,v) = |u1 — U1’ + |U2 — UQ’ + ]us, — U3|,

for all u,v € R® where u = (u1,uz,u3),v = (v1,v2,v3). Consider the self-mapping T on

the set X defined by

_ [ ouwos i w4 Jus| + Jug] <5
Tu _{ Bu otherwise (3.3)
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for all u = (u1, ua,u3) € R3. Then T is a Suzuki type Z.-contraction with ug = 0 = (0,0, 0)
and with the function ¢ : Rj x Rf — R defined as ((t, s) = %s —t. We have

8u 8u 8u
d(u,Tu) = ul—?l u2—?2 u;),—?g
3ug 3ug 3us 3 _
= |2 22 2 2 2 (w,0) > 0
5 5 5 |~ 5dw0) >

and

= —d(u,0) >0,
for all u with |u1| + |ua| + |us| > 5. We find
p =inf{d(u,Tu) | Tu # u,u € R®}
— inf {;’d(u,m | d(u,0) > 5} _3
Now, consider the ellipse E3(0, (%, %, %)), clearly T satisfies the condition of Theorem 3.7.
Hence, we have E5(0, (3,3,3)) C Fiz(T) (see Figure 3).
Example 3.9. Let X = C and d be the usual metric. Consider the self-mapping 7 : X —

X defined by
oz 5 |z <3
Tz= { 192 otherwise

for all z € C. Then T is a Suzuki type Z.-contraction with zg = 0 and with the simulation
function ¢ : R§ x Ry — R defined as ((t,s) = 3s — t. For each z with |z| > 3, we have

15z 7
d(z,Tz) = |z — 2 =Lzl >0
(2,T2) ’z 3 3 |z] >
and
7 15
(T 2),d(Tz,20)) = ¢ (52l 2]
5
Then, we find

p=1inf{d(z,Tz) | Tz # z,z € C}

21
:inf{; 12| | |2] > 3} =3

Now, consider the ellipse E21 (0, é + z%), clearly T satisfies the condition of Theorem 3.7.
- 8

We have E%(O, 1 +i)) C Fix(T).

Theorem 3.10. Let X be a metric space with the metric d and T be a self-mapping on

the set X. Suppose that T is a Suzuki type Z.-contraction with the simulation function (
and ug € X. Suppose p > 1 and for any point uy € Doy, p— /5 if the condition

0 < d(Tu,up)d(Tu,ui) <p (3.4)

holds for each u € C)p (ug,u1) — {uo}, then Fiz(T) contains the Cassini curve C, (ug, u1),
that is, C,(ug,u1) is a fized Cassini curve of T. Furthermore, we have C, (ug,u1) C
Fiz(T).
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Proof. If ug = w1, then the Cassini curve C,(ug,u1) becomes the circle Cup,p and the
set Cp(ug,u1) becomes the disc Dy, /5- By the hypothesis we have 0 < d(T'w,ug) < \/p
for all u € Dy, 5 — {uo}. Since p > 1, \/p < p and then by Corollary 3.4 we have
Doy, 5 C Fiz(T).

Let ug # uy and u € C,(ug, u1) be an arbitrary but fixed point. Suppose that Tu # u. The
hypothesis (3.4) means that Tu € C, (ug,u1) for all u € C, (up,u1) since uy € Fiz(T).
By Corollary 2.13, we have two cases, that is, Tu € Dy, ; or Tu € Dy, /.

Case 1. Let Tu € Duo,\/ﬁ- Since p > 1, \/p — p < 0 and then we have

C(d(Tu,u), d(Tu,ug)) < d(Tu,up) — d(Tu,u)
< p—dTu,u)
< VP
< 0

and so
¢ (d(Tu,u),d(Tu,ug)) <0,
which conflicts the hypothesis (3.1).
Case 2. Let Tu ¢ D,, /5 and Tu € D, ;. Then we have

C(d(Tu,u),d(Tu,ug)) < d(Tu,up) —d(Tu,u)
< (d(Tu,ur) + d(ui,up)) — d(Tu,u)
< [Vp+(p— vP)] — d(Tu,u)
< p—d(Tu,u)
< p—p=0

and so
¢ (d(Tu,u),d(Tu,ug)) <0,
which conflicts the hypothesis (3.1).
Hence, we have Tu = u. Since u € 6,, (up,u1) is an arbitrary point, then we deduce
that C, (ug,u1) C Fiz(T). O

Example 3.11. Let X = C and d be the usual metric. Consider the self-mapping 7' :
X — X defined by
7&:{15 ;o el <7 7

S % ; otherwise

for all z € C. Then T is a Suzuki type Z.-contraction with zg = 0 and with the function
¢:R{ x Rf — R defined as ((t,s) = 3s — t. We have

13 5|
z2——z|==|z
8

d(z,Tz) = S

| >0

and

for all |z| > 7. We find
p=1inf{d(z,Tz) : Tz # z,z € C}
5 35
_ inf{8 2] : |2 7} ==
Now, consider the Cassini curve C's (0, 2), clearly T satisfies the hypothesis of Theorem
8
3.10. Hence, C'35(0,2) is a fixed Cassini curve of 7. We have C3s(0,2) C Fix(T).
8 8
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4. Activation functions having fixed discs

It is well-known that theoretical fixed point results (e.g., Banach fixed point theo-
rem, Brouwer’s fixed point theorem, Kakutani’s fixed point theorem) are widely used in
the study of various types of neural networks (see, for instance, [2,3] and the references
therein). On the other hand, as stated in [12], most common functions used as activation
function in neural networks are those mappings having fixed-discs. One of them is the
rectified linear unit (or ReLU) activation function defined as

T x>0
ReL.U(z) = { 0 ; otherwise ’
for a real number z € R. In [6], complex ReLU function zZReLU was defined by
z zeA
zReLU(2) _{ 0 ; otherwise ’

where A C C is connected, and the case A ={z € C: arg(z) € [0, ]} is considered.

Since activation functions are the primary neural networks decision-making units, the
selection of the activation function is essential in the design of a neural network. There are
a wide range of activation functions. Here, we propose a new type of activation function
for complex valued neural networks. We construct a one-parameter generalization of the
zReLU function. To do this, first we define the set A, as

Ay = {z € C:arg(z) € {0,2]}u {z € C:|z| < pand arg(z) € <72T,27r>},
where 11 > 1. Define the function f,, by

z 3 z€A,

= <
Tulz) {uz ; otherwise (L<p=2)

and consider the simulation function ( : R(J{ X RJ — R defined as

- i1) (4.1)

Then it easy to check that f, is a Z.-contraction (and hence, is a Suzuki type Z-
contraction) with the simulation function ¢ defined in (4.1) and up = 0.
The real version of f, is the following

_J o rz-p
f“(w)_{ pux 5 otherwise (L<p=2).

C(t,s) =As—t, A e

Besides the theoretical fixed figure results obtained in the previous sections, the fixed disc
Dy, and the fixed figures contained in it, can have some applications in neural network
studies. Such geometric approaches are important for the study of some real-life prob-
lems. For example, in [20], a wind prediction system for the wind power generation using
ensemble of multiple complex extreme learning machines (C-ELM) was presented via the
theory of conformal mapping on the complex plane. Orthogonal families of ellipses and
hyperbolas were used to make a better decision making.

5. Concluding remarks

In this manuscript, we have considered the geometric aspects of the fixed point set of
a self-mapping with various forms such a fixed disc, fixed ellipse and fixed Cassini curve
problems. The general form of these problems is known as the “fixed figure problem”.
For such kind geometric problems, we have dealt with the Z.-contraction and Suzuki type
Z.-contraction self maps and using these notions, we have derived the fixed ellipse, fixed
Cassini curve and fixed disc results. As future work, using similar approaches, various fixed
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figures results such as fixed Apollonius circle and fixed hyperbola can be investigated. One
can also derive it for multivalued contraction mapping.

Properties of simulation functions have been appeared in the literature in many aspects.
For instance, one of the newest generalization of the Banach contraction through the
notions of the generalized F'-contraction, simulation function, and admissible function
was introduced in [4]. The existence and uniqueness of fixed points for a self-mapping
on complete metric spaces were investigated by the new constructed contraction. Here,
we have proved some existence theorems for some special fixed figures via the help of the
number p defined in (2.3). Hence, it is natural to investigate some uniqueness theorems
for fixed figures.

On the other hand, recently, the notion of a ¢-fixed point is introduced as the generaliza-
tion of a fixed point of a self-mapping in [8]. A p-fixed point is a fixed point of a mapping
T such that it is also a zero of a given function ¢ (see [8] for more details). Then, ¢-fixed
point results for self-mappings defined in metric or generalized metric spaces have been
intensively studied using different approaches (for example, see [18], [16] and the reference
therein). In [16], an open problem concerning to the geometric properties of non-unique
p-fixed points have been considered. The proposed open problem is the investigation of
the existence and uniqueness of p-fixed circles (resp. ¢-fixed discs) for various classes of
self-mappings (see [14] and [16]). Then, a natural generalization of this open problem is
the investigation of the existence and uniqueness of ¢-fixed figures (e.g. @-fixed circle,
e-fixed disc, ¢-fixed ellipse, ¢-fixed Cassini curve) for various classes of self-mappings. By
means of the notions of Z.-contraction and Suzuki type Z.-contraction, it is possible to
provide a solution to this problem. Applications of these kind theoretical results can also
be investigated to various real-life problems.
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