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On convergence of an implicit iterative algorithm
for non self asymptotically non expansive

mappings
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Abstract

In this paper, we study an implicit iterative algorithm for two finite
families of nonself asymptotically nonexpansive mappings. We prove
some weak and strong convergence theorems for this iterative algo-
rithm. Our results improve and extend the corresponding results of
Soltuz [4], Xu and Ori [5], Khan et al. [6].
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1. Introduction

Let E be a real normed linear space and K be a nonempty subset of E. A
mapping T : K → K is called nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ holds for all
x, y ∈ K. A mapping T : K → K is called asymptotically nonexpansive if there
exists a sequence {kn} ∈ [1,∞) satisfying limn→∞ kn = 1 as n→∞ such that

(1.1) ‖Tnx− Tny‖ ≤ kn ‖x− y‖
for all x, y ∈ K and n ≥ 1. A mapping T : K → K is called uniformly L-
Lipschitzian if there exists constant L > 0 such that ‖Tnx− Tny‖ ≤ L ‖x− y‖
for all x, y ∈ K and n ≥ 1. Denote by F (T ) the set of fixed points of T , that is,
F (T ) = {x ∈ K : Tx = x}.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [1] as a generalization of the class of nonexpansive mappings. They
proved that if K is a nonempty closed bounded subset of a real uniformly convex
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Banach space and T is an asymptotically nonexpansive self-mapping of K, then
T has a fixed point.

Implicit iterative algorithms for asymptotically nonexpansive self-mapping in
Banach spaces have been studied extensively by various authors; see for example
[12, 13, 14, 15]. However, if the domain of T , D(T ), is a proper subset of E
(and this is the case in several applications), and T maps D(T ) into E, then these
iterative algorithms may fail to be well defined.

A subset K of E is said to be a retract of E if there exists a continuous map
P : E → K such that Px = x, for all x ∈ K. Every closed convex subset of a
uniformly convex Banach space is a retract. A map P : E → K is said to be a
retraction if P 2 = P . It follows that, if a map P is a retraction, then Py = y for
all y in the range of P .

In 2003, Chidume, Ofoedu and Zegeye [2] further generalized the concept of
asymptotically nonexpansive self-mapping, and proposed the concept of nonself
asymptotically nonexpansive mapping, which is defined as follows:

1.1. Definition. [2] Let K be a nonempty subset of a real normed space E and P :
E → K be a nonexpansive retraction of E onto K. A nonself mapping T : K → E
is called asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞) with
limn→∞ kn = 1 such that

(1.2) ‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖
for all x, y ∈ K and n ≥ 1.

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ L‖x− y‖
for all x, y ∈ K and n ≥ 1.

Note that if P is an identity mapping, then the above definitions reduce to those
of a self-mapping T . By using the following iterative algorithm:

xn+1 = P ((1− αn)xn + αnT (PT )
n−1

xn), x1 ∈ K, n ≥ 1,

Chidume et al. [2] gave some strong and weak convergence theorems for nonself
asymptotically nonexpansive mappings in uniformly convex Banach spaces. They
also established a demiclosedness principle. Convergence problems of an iterative
algorithm to a common fixed point for nonself asymptotically nonexpansive map-
pings in uniformly convex Banach spaces have been considered by several authors
(see, for example, [16, 17, 18, 19, 20, 21, 22, 23] and the references therein).

1.2. Remark. [3] If T : K → E is asymptotically nonexpansive and P : E → K
is a nonexpansive retraction, then PT : K → K is asymptotically nonexpansive.
Indeed, for all x, y ∈ K and n ≥ 1, we have

‖(PT )nx− (PT )ny‖ =
∥∥PT (PT )n−1x− PT (PT )n−1y

∥∥
≤

∥∥T (PT )n−1x− T (PT )n−1y
∥∥

≤ kn ‖x− y‖ .

However, the converse may not be true.
Keeping in view the above fact, Zhou et al. [3] introduced the following gener-

alized definition in 2007.



1.3. Definition. [3] Let K be a nonempty subset of real normed linear space E.
Let P : E → K be the nonexpansive retraction of E into K. A nonself mapping
T : K → E is called asymptotically nonexpansive with respect to P if there exists
sequences {kn} ∈ [1,∞) with kn → 1 as n→∞ such that

(1.3) ‖(PT )nx− (PT )ny‖ ≤ kn ‖x− y‖ , ∀x, y ∈ K, n ≥ 1.

T is said to be uniformly L-Lipschitzian with respect to P if there exists a constant
L > 0 such that

(1.4) ‖(PT )nx− (PT )ny‖ ≤ L ‖x− y‖ , ∀x, y ∈ K, n ≥ 1.

Throughout this paper, J = {1, 2, ..., N} denotes the set of first N natural
numbers. In what follows we fix x0 ∈ K as a starting point of an algorithm unless
stated otherwise, and take {αn} , {βn} and {γn} sequences in (0, 1) .

In 2001, Soltuz [4] introduced the Mann-type implicit algorithm for a nonex-
pansive mapping as follows:

(1.5) xn = αnxn−1 + (1− αn)Txn, n ≥ 1.

Xu and Ori [5] introduced the following implicit iterative algorithm for a finite
family of nonexpansive mappings {Ti : i ∈ J} .
(1.6) xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1,

where Tn = Tn(modN) and the modN function takes values in J .
More recently, Khan, Yildirim and Ozdemir [6] introduced an implicit itera-

tive algorithm for two finite families {Si : i ∈ J} and {Ti : i ∈ J} of nonexpansive
mappings as follows:

(1.7) xn = αnxn−1 + βnSnxn + γnTnxn

where Tn = Tn(modN), Sn = Sn(modN) and αn + βn + γn = 1.
In this paper, we modify the implicit iterative algorithm of Khan, Yildirim and

Ozdemir [6] for two finite families of nonself asymptotically nonexpansive mappings
as follows:

Let E be a real Banach space, and K be a nonempty closed convex subset of E
which is also a nonexpansive retract of E with a retraction P . Let Si, Ti : K → E
(i = 1, 2, ..., N) be two families of nonself asymptotictally nonexpansive mappings
with respect to P . For arbitrarily chosen x0 ∈ K,

(1.8) xn = αnxn−1 + βn (PSn)
n
xn + γn (PTn)

n
xn

where Tn = Tn(modN) and Sn = Sn(modN).
In other words, if n = (k − 1)N + i, i = i(n) ∈ {1, 2, ..., N}, k = k(n) ≥ 1 is

a positive integer and k(n) → ∞, as n → ∞, then we set Sn = Si, Tn = Ti and
(1.8) can be expressed in the following form:

(1.9) xn = αnxn−1 + βn
(
PSi(n)

)k(n)
xn + γn

(
PTi(n)

)k(n)
xn, n ≥ 1.

If we take Ti = Si for all i ∈ J , then (1.8) reduces to modified Mann-type
implicit iteration as follows:

(1.10) xn = αnxn−1 + (1− αn) (PTn)
n
xn, n ≥ 1.

In addition, if we take Ti = Si = T for all i ∈ J and T is a nonexpansive self-
mapping, then (1.8) reduces to (1.5). Note that (1.8) reduces to (1.6) when Si =



Ti for all i ∈ J are nonexpansive self-mappings. Also (1.8) reduces to (1.7) when
Si and Ti are two nonexpansive self-mappings for all i ∈ J .

The purpose of this paper is to study the weak and strong convergence of the
implicit iterative algorithm (1.8) for approximating common fixed points of the two
finite families {Si : i ∈ J} and {Ti : i ∈ J} of nonself asymptotically nonexpansive
mappings with respect to P in Banach spaces. The results presented in this paper
extend and improve the corresponding results of Soltuz [4], Xu and Ori [5], Khan
et al. [6].

2. Preliminaries

In this section, we review definitions and lemmas used for the rest of the paper
as follow:

Let E be a Banach space with its dimension greater than or equal to 2. The
modulus of E is the function δE(ε) : (0, 2]→ [0, 1] defined by

δE(ε) = inf

{
1−

∥∥∥∥1

2
(x+ y)

∥∥∥∥ : ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖
}
.

A Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0, 2].
Let E be a Banach space and S(E) = {x ∈ E : ‖x‖ = 1} . The space E said to

be smooth if

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for all x, y ∈ S(E).
A Banach space E is said to satisfy Opial’s condition if, for any sequence {xn}

in E, xn ⇀ x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ E with y 6= x, where xn ⇀ x means that {xn} converges weakly to x.
Let K be a nonempty subset of a Banach space E. For x ∈ K, the inward set

of x, IK(x), is defined by IK(x) := {x + λ(u − x) : u ∈ K,λ ≥ 1}. A mapping
T : K → E is called weakly inward if Tx ∈ cl[IK(x)] for all x ∈ K, where cl[IK(x)]
denotes the closure of the inward set. Every self-map is trivially weakly inward.

Let K ⊂ E be a closed convex and P a mapping of E onto K. Then P is said
to be sunny [7] if P (Px+ t(x− Px)) = Px for all x ∈ E and t ≥ 0.

A mapping T with domain D(T ) and range R(T ) in E is said to be demiclosed
at p, if for each sequence {xn} in D(T ), the conditions xn → x0 weakly and
Txn → p strongly imply Tx0 = p.

A mapping T : K → K is said to be completely continuous if for every bounded
sequence {xn}, there exists a subsequence say {xnj} of {xn} such that {Txnj}
converges to some element of R(T ).

A mapping T : K → K is said to demi-compact if any sequence {xn} in K
satisfying xn − Txn → 0 as n→∞ has a convergent subsequence.

Two mappings T, S : K → K are said to satisfy condition (A′) [8] if there is
a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (t) > 0 for all



t ∈ (0,∞) such that

1

2
(‖x− T1x‖+ ‖x− T2x‖) ≥ f (d (x, F ))

for all x ∈ K, where d (x, F ) = inf {‖x− p‖ : p ∈ F := F (T ) ∩ F (S)}.
We modify this definition for two finite families of nonself asymptotically non-

expansive mappings as follows: Let E be a Banach space, K a nonempty closed
convex subset of E with nonempty fixed point set F and P a sunny nonexpansive
retraction. Let {Ti : i ∈ J} and {Si : i ∈ J} be two finite families of nonself asymp-
totically nonexpansive mappings of K with respect to P . These families are said
to satisfy condition (B′) if there is a nondecreasing function f : [0,∞) → [0,∞)
with f (0) = 0, f (t) > 0 for all t ∈ (0,∞) such that

max
i∈J

{
1

2
(‖x− PTix‖+ ‖x− PSix‖)

}
≥ f (d(x, F ))

for all x ∈ K where F :=
(
∩Ni=1F (Si)

)
∩
(
∩Ni=1F (Ti)

)
.

In what follows, we shall make use of the following lemmas.

2.1. Lemma. [9] If {an}, {bn} are two sequences of nonnegative real numbers such
that

an+1 ≤ (1 + bn) an, n ≥ 1

and
∑∞
n=1 bn <∞, then lim

n→∞
an exists.

2.2. Lemma. [10] Suppose that E is a uniformly convex Banach space and 0 <
p ≤ tn ≤ q < 1 for all n ≥ 1. Also, suppose that {xn} and {yn} are sequences of
E such that

lim sup
n→∞

‖xn‖ ≤ d, lim sup
n→∞

‖yn‖ ≤ d and lim
n→∞

‖(1− tn)xn + tnyn‖ = d

hold for some d ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

2.3. Lemma. [11] Let E be real smooth Banach space, let K be nonempty closed
convex subset of E with P as a sunny nonexpansive retraction, and let T : K → E
be a mapping satisfying weakly inward condition. Then F (PT ) = F (T ).

2.4. Lemma. [3] Let E be a real smooth and uniformly convex Banach space, K
a nonempty closed convex subset of E with P as a sunny nonexpansive retraction,
and let T : K → E be a weakly inward and asymptotically nonexpansive mapping
with respect to P with the sequence kn ⊂ [1,∞) such that kn → 1 as n→∞. Then
I − T is demiclosed at zero.

3. Main results

Let E be a Banach space and K a nonempty closed convex subset of E. Let
Si, Ti : K → E (i ∈ J) be two families of nonself asymptotically nonexpansive
mappings with respect to P with common sequences {kn}, {ln} ⊂ [1,∞) such
that limn→∞ kn = limn→∞ ln = 1. Let {xn} be defined by (1.8). Then x1 =
α1x0 + β1 (PS1)

n
x1 + γ1 (PT1)

n
x1. Define a mapping W1 : K → K by W1 =



α1x0 +β1 (PS1)
n
x+γ1 (PT1)

n
x for all x ∈ K where αn+βn+γn = 1. Existence

of x1 is guaranteed if W1 has a fixed point. Thus for any x, y ∈ K, we have

‖W1x−W1y‖ = ‖α1x0 + β1 (PS1)
n
x+ γ1 (PT1)

n
x

−α1x0 − β1 (PS1)
n
y − γ1 (PT1)

n
y‖

≤ β1 ‖(PS1)
n
x− (PS1)

n
y‖+ γ1 ‖(PT1)

n
x− (PT1)

n
y‖

≤ β1k1 ‖x− y‖+ γ1l1 ‖x− y‖
≤ (β1k1 + γ1l1) ‖x− y‖

If β1k1+γ1l1 < 1, then W1 is a contraction. By Banach Contraction Principle, W1

has a unique fixed point. Thus the existence of x1 is established. Similarly, the
existence of x2, x3,... is established. Thus the implicit iterative algorithm (1.8) is
well defined when βnkn+γnln < 1. Therefore, the implicit iterative algorithm (1.8)
can be employed for the approximation of common fixed points of two families of
nonself asymptotically nonexpansive mappings {Si : j ∈ J} and {Ti : i ∈ J} .

From now on, we denote the set of common fixed points of the two families
Si, Ti : K → E (i ∈ J) by F :=

(
∩Ni=1F (Si)

)
∩
(
∩Ni=1F (Ti)

)
.

3.1. Convergence Theorems in Real Banach Spaces. In this section, we
prove the strong convergence of the iterative algorithm (1.8) to a common fixed
point of two families of nonself asymptotically nonexpansive mappings with respect
to P in real Banach spaces.

First, we prove the following lemma.

3.1. Lemma. Let E be a real Banach space and K a nonempty closed convex
subset of E which is also a nonexpansive retract of E. Let Si, Ti : K → E (i ∈ J)
be two families of nonself asymptotically nonexpansive mappings with respect to P

with common sequences {kn}, {ln} ⊂ [1,∞) such that
∞∑
n=1

(kn − 1) <∞,
∞∑
n=1

(ln −

1) <∞. Suppose that {xn} defined by (1.8) satisfies the following conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.
(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1) .

If F 6= ∅, then

(1) limn→∞ ‖xn − p‖ exists for each p ∈ F.
(2) there exists a constant M > 0 such that ‖xn+m − p‖ ≤ M ‖xn − p‖ for

all m,n ≥ 1 and p ∈ F.

Proof. (1) Let p ∈ F. Set kn = 1 + un, ln = 1 + vn. Since
∞∑
n=1

(kn − 1) < ∞ and

∞∑
n=1

(ln − 1) <∞, so
∞∑
n=1

un <∞,
∞∑
n=1

vn <∞. Using (1.8), we have

‖xn − p‖ ≤ αn ‖xn−1 − p‖+ βn ‖(PSn)
n
xn − p‖+ γn ‖(PTn)

n
xn − p‖

≤ αn ‖xn−1 − p‖+ βnkn ‖xn − p‖+ γnln ‖xn − p‖
≤ αn ‖xn−1 − p‖+ (βnkn + γnln) ‖xn − p‖(3.1)

which leads to

[1− βnkn − γnln] ‖xn − p‖ ≤ αn ‖xn−1 − p‖ .



Since βnkn + γnln < 1, then 1− βnkn − γnln > 0, that is,

1− βn (1 + un)− γn (1 + vn) > 0

for all n ≥ 1. Thus, from (3.1) we have

‖xn − p‖ ≤
αn

1− βn (1 + un)− γn (1 + vn)
‖xn−1 − p‖

=
1− βn − γn

1− βn (1 + un)− γn (1 + vn)
‖xn−1 − p‖

=

[
1 +

βnun + γnvn
1− βn (1 + un)− γn (1 + vn)

]
‖xn−1 − p‖

=

[
1 +

βnun + γnvn
1− βn − γn − βnun − γnvn

]
‖xn−1 − p‖

=

[
1 +

βnun + γnvn
αn − βnun − γnvn

]
‖xn−1 − p‖ .(3.2)

Since s ≤ βn, γn ≤ 1 − s for some s ∈ (0, 1) , limn→∞ βnun = limn→∞ γnvn = 0.
Thus for any given εo

2 ,
ε1
2 ∈ (0, s2 ), ε = max {ε0,ε1} , there exists positive integer

n0 such that

(3.3) s− ε < αn − βnun − γnvn,

as n ≥ n0. By (3.2) and (3.3), we get

(3.4) ‖xn − p‖ ≤
[
1 +

un
s− ε

+
vn
s− ε

]
‖xn−1 − p‖ .

Since
∞∑
n=1

un < ∞ and
∞∑
n=1

vn < ∞, we obtain
∞∑
n=1

(
un
s−ε + vn

s−ε

)
< ∞. It now

follows from Lemma 2.1 that limn→∞ ‖xn − p‖ exists for each p ∈ F.
(2) As 1 + t ≤ et for all t > 0, from (3.4), we obtain

‖xn+m − p‖ ≤ e(
un+m
s−ε +

vn+m
s−ε ) ‖xn+m−1 − p‖

≤ e(
un+m
s−ε +

vn+m
s−ε )

[
e(

un+m−1
s−ε +

vn+m−1
s−ε ) ‖xn+m−2 − p‖

]
≤ e(

un+m
s−ε +

vn+m
s−ε )+(

un+m−1
s−ε +

vn+m−1
s−ε ) ‖xn+m−2 − p‖

...(3.5)

≤ e
∑n+m
j=n+1(

uj
s−ε+

vj
s−ε ) ‖xn − p‖

≤ M ‖xn − p‖

where M =
∑n+m
j=n+1

(
uj
s−ε +

vj
s−ε

)
. That is ‖xn+m − p‖ ≤ M ‖xn − p‖ for all

m,n ≥ 1 and p ∈ F. �

3.2. Theorem. Let E be a real Banach space and K a nonempty closed convex
subset of E which is also a nonexpansive retract of E. Let Si, Ti : K → E (i ∈
J) be two families of nonself asymptotically nonexpansive mappings with respect

to P with common sequences {kn}, {ln} ⊂ [1,∞) such that
∞∑
n=1

(kn − 1) < ∞,



∞∑
n=1

(ln − 1) < ∞. Suppose that F 6= ∅ and {xn} defined by (1.8) satisfies the

following conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.
(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1).

Then {xn} converges strongly to some common fixed point of {Si} and {Ti}
(i ∈ J) if and only if lim infn→∞ d(xn, F ) = 0.

Proof. The necessity of the conditions is obvious. Let us prove the sufficiency of
the theorem.

Taking infimum over all p ∈ F in (3.4), we get

d (xn, F ) ≤
[
1 +

un
s− ε

+
vn
s− ε

]
d (xn−1, F ) .

Thus, we obtain from Lemma 2.1 that limn→∞ d (xn, F ) exists. But by hypothesis
lim infn→∞ d(xn, F ) = 0, therefore we must have limn→∞ d(xn, F ) = 0.

Next, we first show that {xn} is a Cauchy sequence in E. Since limn→∞ d(xn, F ) =
0, given ε > 0, there exists a constant n0 such that for all n ≥ n0, we have

(3.6) d(xn, F ) <
ε

1 +M

where M > 0 is the constant in Lemma 3.1(2). So we can find p ∈ F such that

(3.7) ‖xn − p‖ <
ε

1 +M
.

From Lemma 3.1(2) we get for all n ≥ n0 and m ≥ 1 that

‖xn+m − xn‖ ≤ ‖xn+m − p‖+ ‖xn − p‖
≤ M ‖xn − p‖+ ‖xn − p‖
= (1 +M) ‖xn − p‖(3.8)

< ε.

Hence {xn} is a Cauchy sequence in a closed subset K of a Banach space E and
so it must converge to a point q in K. Now, limn→∞ d(xn, F ) = 0 gives that
d(q, F ) = 0. Since F is closed, so we have q ∈ F. �

3.2. Convergence Theorems in Real Uniformly Convex Banach Spaces.
In this section, we prove some strong and weak convergence of algorithm (1.8)
to a common fixed point of two families of nonself asymptotically nonexpansive
mappings with respect to P in real uniformly convex and smooth Banach space.

3.3. Lemma. Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E which is also a nonexpansive retract of E. Let Si, Ti :
K → E (i ∈ J) be two families of nonself asymptotically nonexpansive mappings

with respect to P with common sequences {kn}, {ln} ⊂ [1,∞) such that
∞∑
n=1

(kn −

1) <∞,
∞∑
n=1

(ln−1) <∞. Suppose that {xn} defined by (1.8) satisfies the following

conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.



(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1) .

If F 6= ∅, then limn→∞ ‖xn − (PTi)xn‖ = limn→∞ ‖xn − (PSi)xn‖ = 0 (i ∈
J).

Proof. From Lemma 3.1, limn→∞ ‖xn − p‖ exists for each p ∈ F. We suppose that
lim
n→∞

‖xn − p‖ = d. Then

lim
n→∞

‖xn − p‖ = lim
n→∞

‖αn (xn−1 − p) + βn ((PSn)
n
xn − p)

+γn ((PTn)
n
xn − p)‖

= lim
n→∞

∥∥∥∥(1− γn)

[
αn

1− γn
(xn−1 − p) +

βn
1− γn

((PSn)
n
xn − p)

]
+γn ((PTn)

n
xn − p)‖

= d(3.9)

Since Ti (i ∈ J) are asymptotically nonexpansive mappings and F 6= ∅, we have
‖(PTn)

n
xn − p‖ ≤ ln ‖xn − p‖ for each p ∈ F. Taking lim sup on both sides, we

obtain

(3.10) lim sup
n→∞

‖(PTn)
n
xn − p‖ ≤ lim sup

n→∞
ln ‖xn − p‖ = d.

Using (3.2) and
∞∑
n=1

un <∞,
∞∑
n=1

vn <∞, we have

lim sup
n→∞

∥∥∥∥ αn
1− γn

(xn−1 − p) +
βn

1− γn
((PSn)

n
xn − p)

∥∥∥∥
≤ lim sup

n→∞

[
αn

1− γn
‖xn−1 − p‖+

βn
1− γn

kn ‖xn − p‖
]

≤ lim sup
n→∞

[
αn

1− γn
‖xn−1 − p‖

+
βn

1− γn
kn

[
1 +

βnun + γnvn
αn − βnun − γnvn

]
‖xn−1 − p‖

]
≤ lim sup

n→∞

[
kn (αn + βn)

1− γn
‖xn−1 − p‖

+
βnkn

1− γn

(
βnun + γnvn

αn − βnun − γnvn

)
‖xn−1 − p‖

]
≤ lim sup

n→∞

[
kn (1− γn)

1− γn
‖xn−1 − p‖

+
βnkn

1− γn

(
βnun + γnvn

αn − βnun − γnvn

)
‖xn−1 − p‖

]
= d.(3.11)

Now considering (3.9), (3.10) and (3.11) and applying Lemma 2.2, we obtain

lim
n→∞

∥∥∥∥ αn
1− γn

(xn−1 − p) +
βn

1− γn
((PSn)

n
xn − p)− ((PTn)

n
xn − p)

∥∥∥∥ = 0



which means that

lim
n→∞

∥∥∥∥ αn
1− γn

xn−1 +
βn

1− γn
(PSn)

n
xn − (PTn)

n
xn

∥∥∥∥
= lim

n→∞

(
1

1− γn

)
‖αnxn−1 + βn (PSn)

n
xn − (1− γn) (PTn)

n
xn‖ = 0.

Since s ≤ γn ≤ 1− s, we have 1/ (1− s) ≤ 1/ (1− γn) ≤ 1/s. Therefore,

(3.12) lim
n→∞

‖xn − (PTn)nxn‖ = 0.

In the same manner, we can prove that

(3.13) lim
n→∞

‖xn − (PSn)nxn‖ = 0.

On the other hand, we have

‖xn − xn−1‖ = ‖αnxn−1 + βn (PSn)
n
xn + γn (PTn)

n
xn − xn−1‖

= ‖(βn + γn) (xn − xn−1)− βn (xn − (PSn)
n
xn)

−γn (xn − (PTn)
n
xn)‖

≤ (βn + γn) ‖xn − xn−1‖+ βn ‖xn − (PSn)
n
xn‖

+γn ‖xn − (PTn)
n
xn‖ .

And then from (3.12) and (3.13),

‖xn − xn−1‖ ≤ βn
(1− βn − γn)

‖xn − (PSn)
n
xn‖

+
γn

(1− βn − γn)
‖xn − (PTn)

n
xn‖

→ 0, (n→∞) .(3.14)

Since an asymptotically nonexpansive mapping with respect to P must be uni-
formly L-Lipschitzian with respect to P , then we have

‖xn − (PTn)xn‖ ≤ ‖xn − (PTn)nxn‖+ ‖(PTn)nxn − (PTn)xn‖
≤ ‖xn − (PTn)nxn‖+ L

∥∥xn − (PTn)n−1xn
∥∥

≤ ‖xn − (PTn)nxn‖+ L
∥∥(xn − xn−1) + (xn−1 − (PTn)n−1xn−1)

+((PTn)n−1xn−1 − (PTn)n−1xn)
∥∥

≤ ‖xn − (PTn)nxn‖+ L
∥∥xn−1 − (PTn)n−1xn−1

∥∥
+L(L+ 1) ‖xn − xn−1‖ .

This together with (3.12) and (3.14) implies that limn→∞ ‖xn − (PTn)xn‖ = 0.
Similarly we can prove that limn→∞ ‖xn − (PSn)xn‖ = 0. This completes the
proof. �

We now prove the following strong convergence theorem by making use of
Lemma 2.3.

3.4. Theorem. Let K be a nonempty closed convex subset of a real uniformly
convex and smooth Banach space E with P as a sunny nonexpansive retraction. Let
Si, Ti : K → E (i ∈ J) be two families of weakly inward and nonself asymptotically
nonexpansive mappings with respect to P with common sequences {kn}, {ln} ⊂



[1,∞) such that
∞∑
n=1

(kn−1) <∞,
∞∑
n=1

(ln−1) <∞. Suppose that F 6= ∅ and {xn}

defined by (1.8) satisfies the following conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.
(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1) .

If one of {Si} and {Ti} (i ∈ J) is completely continuous, then {xn} converges
strongly to some common fixed point of {Si} and {Ti} (i ∈ J).

Proof. By Lemma 3.1, limn→∞ ‖xn − p‖ exists for each p ∈ F. Assume that Sk
is completely continuous for some k ∈ J. Since P is nonexpansive, then there
exists subsequence {PSkxnj} ⊂ {PSkxn} such that PSkxnj → q as j → ∞.
Now

∥∥xnj − q∥∥ ≤ ∥∥xnj − PSkxnj∥∥ +
∥∥PSkxnj − q∥∥ → 0 by Lemma 3.3. Also

‖q − PSkq‖ = limn→∞
∥∥xnj − PSkxnj∥∥ = 0, we get q = PSkq . Similarly, q =

PTkq and so q ∈ F. Since Sk is chosen arbitrarily, it follows from Lemma 2.3 that
{xn} converges strongly to some common fixed point of {Si} and {Ti}(i ∈ J).
This completes the proof. �

Our next strong convergence theorem is an application of Theorem 3.2.

3.5. Theorem. Let K be a nonempty closed convex subset of a real uniformly
convex and smooth Banach space E with P as a sunny nonexpansive retraction. Let
Si, Ti : K → E (i ∈ J) be two families of weakly inward and nonself asymptotically
nonexpansive mappings with respect to P with common sequences {kn}, {ln} ⊂
[1,∞) such that

∞∑
n=1

(kn−1) <∞,
∞∑
n=1

(ln−1) <∞. Suppose that F 6= ∅ and {xn}

defined by (1.8) satisfies the following conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.
(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1) .

If {Si} and {Ti} (i ∈ J) satisfy Condition (B
′
), then {xn} converges strongly

to some common fixed point of {Si} and {Ti} (i ∈ J).

Proof. By Lemma 3.1, limn→∞ ‖xn − p‖ exists for any p ∈ F, and so limn→∞ d (xn, F )

exists for all p ∈ F. Because {Si} and {Ti} satisfy Condition (B
′
), we have

f (d(xn, F )) ≤ max
i∈J

{
1

2
(‖xn − PTixn‖+ ‖xn − PSixn‖)

}
.

Applying Lemma 3.3, we get limn→∞ f (d (xn, F )) = 0. Since f : [0,∞)→ [0,∞) is
a nondecreasing function satisfying f (0) = 0, f (t) > 0 for all t ∈ (0,∞) , therefore

lim
n→∞

d (xn, F ) = 0.

Now applying Theorem 3.2, we obtain the result. This completes the proof. �

Finally, we give our weak convergence theorem.

3.6. Theorem. Let K be a nonempty closed convex subset of a real uniformly
convex and smooth Banach space E satisfying Opial’s condition with P as a sunny
nonexpansive retraction. Let Si, Ti : K → E (i ∈ J) be two families of weakly
inward and nonself asymptotically nonexpansive mappings with respect to P with



common sequences {kn}, {ln} ⊂ [1,∞) such that
∞∑
n=1

(kn−1) <∞,
∞∑
n=1

(ln−1) <∞.

Suppose that {xn} defined by (1.8) satisfies the following conditions:

(i) αn + βn + γn = 1, βnkn + γnln < 1 for each integer n ≥ 1.
(ii) s ≤ αn, βn, γn ≤ 1− s for some s ∈ (0, 1) .

If F 6= ∅, then {xn} converges weakly to some common fixed point of {Si} and
{Ti} (i ∈ J).

Proof. By Lemma 3.1, limn→∞ ‖xn − p‖ exists and so {xn} is bounded. Note that
PTi and PSi are self-mappings from K into itself. We now prove that {xn} has
a unique weak subsequential limit in F . Suppose that subsequences {xnk} and{
xnj
}

of {xn} converge weakly to p1 and p2, respectively. By Lemma 3.3, we have
limn→∞ ‖xnk − (PSi)xnk‖ = 0 and limn→∞ ‖xnk − (PTi)xnk‖, (i ∈ J). Lemma
2.4 guarantees that (I − PSi) p1 = 0, i.e., (PSi) p1 = p1. Similary, (PTi) p1 = p1.
By Lemma 2.3, we get p1 ∈ F . Again in the same way, we can prove that p2 ∈ F .
For uniqueness, assume p1 6= p2, then by Opial’s condition, we have

lim
n→∞

‖xn − p1‖ = lim
k→∞

‖xnk − p1‖

< lim
k→∞

‖xnk − p2‖

= lim
j→∞

∥∥xnj − p2∥∥
< lim

j→∞

∥∥xnj − p1∥∥
= lim

n→∞
‖xn − p1‖ ,

which is a contradiction and hence p1 = p2. Consequently, {xn} converges weakly
to a common fixed point of {Si} and {Ti} (i ∈ J). �

3.7. Remark. (1) If the error terms are added in (1.8) and assumed to be
bounded, then the results of this paper still hold.

(2) Since (1.5), (1.6), (1.7) and (1.10) are special cases of (1.8), the results proved
using these algorithms follow as a special case to our above results.
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